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Abstract
The gravitational instability of Yang-Mills cosmologies is numeri-
cally studied with the hamiltonian formulation of the spherically sym-
metric Einstein-Yang-Mills equations with SU(2) gauge group. On the
short term, the expansion dilutes the energy densities of the Yang-
Mills fluctuations due to their conformal invariance. In this early
regime, the gauge potentials appear oscillating quietly in an interac-
tion potential quite similar to the one of the homogeneous case. How-
ever, on the long term, the expansion finally becomes significantly
inhomogeneous and no more mimics a conformal transformation of
the metric. Thereafter, the Yang-Mills fluctuations enter a complex
non-linear regime, accompanied by diffusion, while their associated
energy contrasts grow.
PACS numbers: 04.25.Dm, 98.80.Jk
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1 Introduction
The spherically symmetric Einstein-Yang-Mills (EYM) equations with SU(2)
gauge group has been extensively studied in the past decades, from cosmolog-
ical solutions (cf. [1, 2, 3, 4, 5]) to static configurations (cf. [6, 7]). The ho-
mogeneous and anisotropic cosmological models with Yang-Mills (YM) fields
were considered in [8, 9, 10] and exhibit chaotic features. For a detailed
review of the litterature prior to 1999, see [7] and references therein. More
recently, some authors have investigated non-abelian Born-Infeld cosmology
[11] in which the YM-Born-Infeld lagrangian is no more scale invariant and
therefore yields to different behaviour from classical YM fields, especially
near the singularity.
However, most of the work done so far provides (semi-)analytical and/or
numerical solutions in the case of only one independent variable: time (cos-
mological solutions) or radius (gravitating non abelian solitons and black
holes). Nevertheless, some authors [5] have proposed time-dependent in-
homogeneous analytical solutions of EYM theory but at the cost of strong
restrictions on the form of the metric and the gauge potentials. As well, per-
turbation methods have been used several times to study the instability of
self-gravitating non-abelian solutions [7]. Here, we use the hamiltonian for-
mulation of spherically symmetric EYM equations with SU(2) gauge group
to build a numerical method that allows us to find numerical time-dependent
inhomogeneous solutions under a few general assumptions. In this paper, we
apply it to the question of gravitational instability of YM cosmologies, by
studying collapsing shells, which was done for Minkowski space in [12].
In the case of homogeneous and isotropic spacetimes, the conformal invari-
ance of YM fields allows to solve separately Einstein and YM equations as
the resulting solution is a radiation dominated universe. The general ansatz
for open, flat and closed cosmologies filled with su(2)−valued YM fields was
proposed in [1], for which the solution in [3] is a special case. In this paper, we
will investigate departures from this ansatz, consequent to some initial per-
turbations, in order to characterize their gravitational instability. Although,
our approach differs from usual perturbation theory in the sense that we
do not linearize the equations, we consider here time-dependent inhomoge-
neous numerical solutions around the general ansatz. One will argue that
the conformal invariance of YM fields implies that any primeval excitation
of these fields will be diluted as the universe expands. We will see that this
is true only in the first times of the evolution of the fluctuations, when the
expansion is not too inhomogeneous and looks like a conformal transforma-
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tion of the metric. Thereafter, interesting phenomena such as diffusion and
self-interaction arise which results in growing instabilities.
In section 2, we remind the reader about the hamiltonian formulation of
the spherically symmetric EYM system with SU(2) gauge group, firstly in-
troduced in [13], then we recall the Gal’tsov-Volkov ansatz that we will use
as a background solution. Thereafter, the numerical method used to inte-
grate the hamiltonian formulation is introduced in section 3, a test on the
homogeneous ansatz being provided. The section 4 is devoted to a quali-
tative discussion of the gravitational instability from the numerical results
presented in the figures at the end of the paper. Finally, we conclude by
some comments on the application of our results to cosmology as well as
some perspectives.
2 Theoretical Framework
2.1 Hamiltonian Formulation
The hamiltonian approach of the gravitational field equations is the well-
known Arnowitt-Deser-Misner formalism [14] which can be completed by
a hamiltonian treatment of YM equations describing a gauge interaction
[13, 15]. The spherically symmetric inhomogeneous vacuum space-times were
studied in [16, 17] while the spherically symmetric EYM equations with gauge
group SU(2) were first discussed in [13]. We briefly recall here the hamilto-
nian equations of the EYM system and fix the gauges in which we will work
for the rest of this paper.
The coupled EYM action can be written as
S =
∫ √−g{− 1
2κ
R− 1
4
F aµνF
µν
a
}
d4x (1)
where κ = 8πG (c = 1), g is the determinant of the 4-metric, R is the scalar
curvature, F aµν are the components of the YM field strength tensor
1. For
a particular gauge group G locally specified by its Lie algebra [Ta, Tb] =
ifabcTc, the field strength tensor is given through its components by F
c
µν =
∂µA
c
ν−∂νAcµ+fabcAaµAbν where the Aaµ’s are the components of the one-form
connection A = Aµdx
µ = AaµTadx
µ· Here, we will focus on the gauge group
SU(2) with generators Ta =
1
2
τa where the τa are the usual Pauli matrices
and the structure constants are given by the completely antisymmetric tensor
1Gauge indices will be indicated by bold latin letters or bold numbers while latin indices
are only spatial and greek indices are for spacetime.
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fabc = ǫabc. The normalization is Tr(TaTb) =
1
2
δab·
Assuming spherical symmetry of the spatial slices of the universe, we write
the metric in a 3+1 decomposition as follows :
ds2 =
(−N2 +NχNχ) dt2 + 2Nχdχdt+ e2µdχ2 + e2λdΩ2, (2)
where dΩ2 = dθ2 + sin2 θ dϕ2 is the solid angle element, N and Nχ are the
lapse and shift function respectively2, all these components N, Nχ, µ, λ
being functions of the coordinates χ and t.
If the gauge fields Aµ exhibit spherical symmetry up to a gauge (see [13, 18,
4]), they can be written thanks to the so-called Witten ansatz [19] (with the
same conventions as in [6]):
Aµdx
µ = aT3dt+ bT3dχ+ (cT1 + dT2) dθ +
(cot θ T3 + cT2 − dT1) sin θdϕ, (3)
where a, b, c, d are all functions of both coordinates χ and t. In Eq.(3),
only three components are of physical relevance since the potential d can be
gauged away by a transformation that preserves the SO(3) symmetry (see
[1, 11] and references therein for a detailed discussion).
If we now let the spatial components of the metric gij and the connection A
a
i
(i = 1, 2, 3) be canonical variables and if we consider the lapse and shift
functions N, Nχ as well as the electric components A
a
0 of the YM connection
as being Lagrange multipliers, it is possible to define some momenta conju-
gated to these variables and then to rewrite the coupled EYM action Eq.(1)
under constrained hamiltonian form (cf. [13, 14, 15] and references therein):
S =
∫ ∫ {
πij ∂0gij + π
i a
A ∂0Ai a −NH⊥ −N iHi − Aa0Ga
}
dt d3x, (4)
where πij =
√
(3)g
(
gijK ll −Kij
)
(Kij being the extrinsic curvature tensor),
πj aA =
√
(3)g
N
(
gijF a0i −NkgijF aki
)
. In Eq.(4), the generators of normal and tan-
gential deformations (H⊥ and Hi, respectively) and those of internal gauge
transformations Ga are given by3
H⊥ = −
√−g
[
R + g−1
(
1
2
π2 − πijπij
)]
+
√−g
2
gij
(
πj aA π
j
A a + Bi aBia
) ≈ 0 (5)
Hi = −2π ji |j + ǫijkπjA aBk a ≈ 0 (6)
Ga = −πiA a,i + f cab πiA c Abi ≈ 0 (7)
2The angular components of the shift vector Nθ = g02 and Nϕ = g03 vanish exactly
due to spherical symmetry.
3The gauge coupling constant has been set to one.
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with R the scalar curvature of the 3-metric and π = πii, | denoting the
covariant derivative w.r.t. the 3-metric and the vector Bi
a
reading
Bi
a
=
1
2
ǫijk
(
Aka,j − Aja,k − fcbaAcjAbk
) · (8)
Let us now focus on the spherically symmetric hamiltonian formalism.
For the gravitational part of the EYM system, the canonical variables are
chosen as4 gij = diag
(
e2µ, e2λ, e2λ
)
while their conjugate momenta are given
by πij = diag
(
e−2µ
πµ
2
, e−2λ
πλ
4
, e−2λ
πλ
4
)
. Variation of Eq.(4) w.r.t. the
lapse and shift functions N and Nχ will provide the hamiltonian and super-
momentum constraints while the variation w.r.t. the canonical variables µ,
λ and their conjugate momenta πµ and πλ will lead to the Hamilton equa-
tions. As we are interested in perturbations of homogeneous solutions and
as the YM lagrangian in Eq.(1) is conformally invariant, we will work in the
conformal gauge for the gravitational field: N(χ, t) = R(t) where R(t) is
the scale factor given by the Friedmann equation and Nχ(χ, t) = 0. After
the variation and the choice of gauge, we now have for the dynamics of the
gravitational field the following constraints:
H1 = 0 ≡ −µ′πµ − λ′πλ + π′µ − 16πNe2λ+µ T 01 = 0 (9)
H = 0 ≡ 1
8
e−µ−2λ
{
8e4λ(−4µ′λ′ + 6λ′2 + 4λ′′)− 16e2µ+2λ + π2µ − 2πµπλ
}
+16πe2λ+µ T 00 = 0, (10)
and the following Hamilton equations,
µ˙ =
1
4
e−µ−2λN(πµ − πλ)
λ˙ = − 1
4
e−µ−2λNπµ (11)
π˙µ =
1
8
e−µ−2λN
{
16e2λ(e2µ − λ′2e2λ) + πµ(πµ − 2πλ)
}
−16π N e2λ+µ T 11
π˙λ =
1
4
e−µ−2λN
{
16e4λ(µ′λ′ − λ′2 − λ′′) + πµ(πµ − 2πλ)
}
−32π N e2λ+µ T 22
where T νµ are the components of the YM stress-energy tensor (see further),
and where a prime and a dot denote derivations w.r.t. position χ and time
4We work in the following non coordinate basis : (∂χ, ∂θ,
1
sin θ
∂φ)
5
t respectively.
On the YM side, we have, according to Eq.(3), only one electrical component
A30 = a and three couples of variables and momenta (A
3
1 , π
1,3
A ) = (b, πb),
(A12 , π
2,1
A ) = (A
2
3 , π
3,2
A ) = (c, πc), (A
2
2 , π
2,2
A ) = −(A13 , π3,1A ) = (d, πd)·
Varying the YM action w.r.t. these variables and fixing the gauge d(χ, t) = 0
so that πd =
eµ
N
ac leads to the following constraint
G3 = 0 ≡ π′b + 2
eµ
N
ac2 = 0, (12)
and to the following Hamilton equations
b˙ = a′ +Neµ−2λπb
c˙ = Ne−µπc
π˙b = −2Ne−µbc2 (13)
π˙c =
eµ
N
a2c+
(
Ne−µc′
)′ −Ne−µb2c−Neµ−2λc(c2 − 1)
a˙ = N2 e−2µ
(
b′ + 2
bc′
c
− µ′ b
)
− 2N e−µaπc
c
− N
4
e−µ−2λ(πµ − πλ)a
+
N˙
N
a·
With these variables, we can now write the components of the YM stress-
energy tensor Tµν = −2F aµαF αaν + 12gµνF aαβF αβa
T 00 = e
−4λπ
2
b
2
+ e−2λ−2µπ2c +
c
′2N2 + e2µa2c2 +N2b2c2
N2
e−2λ−2µ
+e−4λ
(c2 − 1)2
2
(14)
T 11 = e
−4λπ
2
b
2
− e−2λ−2µπ2c −
c
′2N2 + e2µa2c2 +N2b2c2
N2
e−2λ−2µ
+e−4λ
(c2 − 1)2
2
(15)
T 22 = −
e−4λ
2
(
π2b + (c
2 − 1)2) (16)
T 01 = 2
e−2λ
N2
(
Ne−µπcc
′ + abc2
)
= −N2e−2µT 10 , (17)
in order to achieve the coupling between gauge and gravitation sectors.
Eqs.(9-17) are the hamiltonian formulation of the well-known spherically
symmetric EYM equations with gauge group SU(2). In the next paragraph,
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we recall the solution for those fields in a Friedmann-Lemaˆıtre universe be-
fore describing the method used to study gravitational instability of such
solutions.
2.2 Yang-Mills Cosmologies
Non−abelian YM fields can fill a non trivial, radiation dominated, Friedmann-
Lemaˆıtre universe due to their increased number of degrees of freedom, and
the couplings between them, compared to the abelian Maxwell theory. In
particular, the case of gauge group SU(2) has been extensively studied, so
we refer the reader to [1, 3, 2, 4, 11, 7] and others references therein for a
review.
With the definitions of previous paragraph, we can write the homogeneous so-
lutions we will use for the background in which the fluctuations will evolve.
First, the geometry is given by (in the conformal gauge N = R(t), upper
script B stands for background):
µB = logR
λB = logR + log Σ
πBµ = −4R˙RΣ2 (18)
πBλ = −8R˙RΣ2
where Σ = sinχ, χ, sinhχ for closed, flat and open cosmologies respectively.
The conformal invariance and the consequent vanishing trace of the YM
stress-energy tensor result in a radiation-dominated universe for which the
Friedmann equation Eq.(10) reads (using Eqs.(18)):
H2 =
(
R˙
R
)2
=
κE2
2R2
− k, (19)
with E some constant to be precised in one moment. This allows us to write
the following solutions for the scale factor R(t) (see also [24]).
R(t) =
√
κ
3
C t (k = 0)
R(t) =
√
κ
3
C cos(t) (k = +1) (20)
R(t) =
√
κ
3
C sinh(t) (k = −1)
for flat, elliptic and hyperbolic universes, respectively. The constant C = ρR4
is a first integral of the conservation equations ∇µT µ0 = 0.
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The gauge fields and their conjugate momenta are given by the following
ansatz [1, 11]:
cB(χ, t) =
√
1 + Σ2 (σ2 − k)
aB(χ, t) = −σ˙Σ
√
1− kΣ2
1 + Σ2 (σ2 − k)
bB(χ, t) = σΣ2
(σ2 − k)
1 + Σ2 (σ2 − k) (21)
πBb (χ, t) = σ˙Σ
2
πBc (χ, t) =
σ˙σΣ2√
1 + Σ2 (σ2 − k)
where k = +1, 0, −1 for closed, flat and open cosmologies respectively,
and σ is a function of time. By substituting the ansatz for the gauge fields
Eqs.(21) into Eqs.(12-13), the YM equations now reduce to
σ¨ + 2σ
(
σ2 − k) = 0, (22)
or, expressed as a first integral
σ˙2 +
(
σ2 − k)2 = E2, (23)
where E2 = 2
3
C = 2
3
ρR4. The conformal invariance of YM fields is now man-
ifest as the scale factor R(t) does not appear in Eqs.(22,23). Therefore, in
the conformal gauge, the time part of the gauge fields σ(t) oscillates in the
potential well (σ2 − k)2. In the synchronous gauge N = 1, it can be shown
that the frequency of the oscillation decreases with expansion.
In the rest of the paper, we will focus on the case of flat space as the ob-
served features of gravitational instability can be deduced from the general
properties of the homogeneous solution presented in this paragraph and can
be therefore extrapolated to curved cosmologies.
3 Overview of the Method
In order to integrate the hamiltonian EYM equations, we will use a two-
step numerical procedure often referred as free evolution method. First, we
solve the three constraints Eqs.(9-10) and Eq.(12) – this consists of the ini-
tial value problem (IVP) – then we propagate the initial data of the fields
imposed or found by the IVP with the Hamilton equations Eqs.(11-13) and
check the accuracy and stability of evolution by evaluating the error made on
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the constraints. The growing violation of the constraints in such procedures
and the development of formalisms reducing it are very hot topics in numer-
ical relativity (see for example [20], and [21] for an introduction to numerical
relativity). Here, we choose the canonical approach to the EYM system (orig-
inal ADM formalism [14] for gravitation and classical treatment for YM [13])
which we will rewrite in section 3.2 in order to improve stability and accuracy.
But before going further, let us give some comments on the particular choice
of gauges we made for both the gravitational and YM fields. For the first
one, we chose a slightly modificated version of the famous geodesic slic-
ing : N(χ, t) = 1, Ni(χ, t) = 0, which we called the conformal gauge:
N(χ, t) = R(t) and Ni(χ, t) = 0. Even though the geodesic condition is
well-known to produce coordinate singularities (cf. [22]), it is the most ef-
ficient for weak gravitational fields such as instabilities in a homogeneous
background. The reason why we chose a conformal gauge with N = R(t)
rather than a synchronous one N = 1 is because the YM fields oscillate at
a fixed frequency in the first while their period is stretched with time in the
second. Therefore, using a synchronous gauge would have increased the time
over which the fluctuations around the homogeneous solution significantly
change. And, as we used an explicit scheme, it was crucial to reduce this
time in order to avoid numerical discrepancies.
Furthermore, our choice of a gauge dependent formalism (d was set to 0)
was prefered for two reasons. The first is that it will sweep away one degree
of freedom in the hamiltonian formalism, which simplifies the equations and
therefore lowers truncation errors as well as avoiding those related to the cou-
ple (d, πd) of unknowns. The second is because it simplifies the algorithm.
Indeed, with a gauge-invariant formalism, the electric potential A30 = a which
represents the freedom of making arbitrary gauge transformations in the YM
fields during the evolution of the system has to be determined by an addi-
tionnal gauge condition. By fixing the gauge, we are left with a Hamilton
equation for this component. However, by reducing in this way the number
of degrees of freedom in the analysis, we cancel an additional scalar field in
the theory, in the context of the two-dimensional abelian Higgs mechanism
that consitutes the spherically symmetric EYM system with gauge group
SU(2) (cf. [18, 7]). But now, we have learned from a more deep analysis of
our results that these scalar fields and the interactions related to it bring a
good part of the energy of the fluctuations. Part of our future work will be
to examine how energy spread out into the different modes of the fully gauge
invariant YM equations and how it affects the results presented here.
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3.1 Initial Value Problem (IVP)
In this problem, we have to determine the initial distribution of nine fields
(µ0, λ0, πµ,0, πλ,0, a0, b0, c0, πb,0, πc,0)
5 that verifies the three constraints
(two for the gravitational field and one from the gauge sector) of the EYM
hamiltonian system. Here, we will only write the formulas for a perturbation
of a flat Friedmann-Lemaˆıtre universe as they can easily be generalized to
closed and hyperbolic cosmologies. In order to do this, we fix six fields as
follows:
• We start working some time after the Big Bang to avoid primeval sin-
gularities : R(0) = 1. Please note that the formula given in section 2.2
for the scale factors should be translated accordingly.
• We set λ0 = lnχ so that the initial circonferential distances are taken
as references for the coordinate χ.
• We perturb the following fields around their homogeneous values :
λ˙0 =
√
κ
3
ρB0 + ǫh(χ)
a0 = a
B
0 + ǫa(χ)
b0 = b
B
0 + ǫb(χ) (24)
c0 = c
B
0 + ǫc(χ)
c˙0 = π
B
c,0 + ǫc˙(χ),
where ρB0 is the initial background density, taken as a parameter. The
functions ǫi (χ) are also provided and will be taken so as to have con-
venient boundary conditions for the fields. Typically, we will study the
gravitational instability of shells in a Friedmann-Lemaˆıtre background,
i.e. we will impose that the ǫi’s vanish at the boundaries of the χ co-
ordinate interval. For example, we can take for the ǫi’s some gaussian
functions.
From there, we solve the super-momentum constraint Eq.(9) w.r.t. to πλ,0
and the YM constraint Eq.(12) w.r.t. µ0 and we substitute the results into
the hamiltonian constraint to get the following differential equation for πb,0:
Aφ′′ +Bφ′ + Cφ
′3 − 4πφ2φ′3 = 0 (25)
5Lower script zero means at the time t = 0, for example µ0 = µ(χ, 0)·
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where we put φ = πb,0(χ) = πb(χ, 0) and where the coefficients are
A = 8a20 c
4
0 χ
3
B = −4χ2
(
2a′0a0c
4
0χ + 8πc
′2
0 a
2
0c
4
0 + 4c
′
0a
2
0c
3
0χ + 8πa
2
0b
2
0c
6
0 + a
2
0c
4
0
)
(26)
C = 2λ˙′0λ˙0χ
5 − 8πa20c20χ2 + 16πχ3a0b0c20λ˙0 − 4πc40 + 8πc20 + 3λ˙20χ4 − 4π
+χ2 + 16πχ3c′0λ˙0c˙0 − 8πχ2c˙20·
The fields with lower script 0 mentionned in Eq.(26) are those given by hy-
pothesis in Eq.(24). From the solution φ = πb,0 of Eq.(25), one can complete
the set of initial data with the following relations
µ0 = ln
(
− φ
′
2a20c
2
0
)
πµ,0 = −4λ˙0eµ0χ2
πλ,0 = −32πeµ0c′0c˙0χ− 4eµ0χ3ǫ′h − 32πeµ0a0b0c20χ+ 2πµ,0 (27)
πc,0 = e
µ0 c˙0·
We used a finite difference scheme to solve Eq.(25) as follows: defining χi =
χMIN +∆χ(i− 1) (i = 1, · · · , Nχ + 1), φi = φ(χi) and analogous definition
for other fields, Eq.(25) becomes a non-linear system of Nχ − 2 algebraic
equations for determining the φi’s:
Ai
φi+1 − 2φi + φi−1
∆χ2
+Bi
φi+1 − φi−1
2∆χ
+ Ci
(
φi+1 − φi−1
2∆χ
)3
−4πφ2i
(
φi+1 − φi−1
2∆χ
)3
= 0 (28)
with the boundary conditions
φ1 = π
B
b,0(χ1) = σ˙0χ
2
MIN (29)
φNχ+1 = π
B
b,0(χNχ+1) = σ˙0χ
2
MAX ,
where σ˙0 =
√
2
3
ρB0 − σ40 , σ0 becoming another parameter setting the initial
position in phase space for the time part of the gauge fields filling the flat
background. We choose a Newton-Raphson method (cf. [23]) to solve Eq.(28)
with the initial guess : φi = π
B
b,0(χi) = σ˙0χ
2
i and stop the relaxation when
the error on the equation is saturated.
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3.2 Propagation of Hamilton Equations
In this paragraph, we first rewrite the EYM constraints and Hamilton equa-
tions in order to render the numerical integration more accurate and stable.
Indeed, a direct integration of Eqs.(11) and Eqs.(13) will have to recover
first the homogeneous solution Eqs.(18-21) before focusing to its perturba-
tion. After having first directly integrated Eqs.(11) and Eqs.(13), we found it
more interesting to rewrite the equations so that they would be more adapted
to the study of the gravitational instability and less dependent on the homo-
geneous solution. The change of variables explained below results in a faster
and more accurate method.
Let us again assume a flat Friedmann-Lemaˆıtre background and proceed
to the following change of variables:
eµ = m(χ, t) R(t)
e2λ = l(χ, t) R2(t)χ2
πµ = −4 R(t)χ2 πm(χ, t)
πλ = −8 R(t)χ2 πl(χ, t)
a(χ, t) = − α(χ, t)χ
1 + χ2γ(χ, t)
(30)
b(χ, t) =
β(χ, t)χ2
1 + χ2γ(χ, t)
c(χ, t) =
√
1 + χ2γ(χ, t)
πb(χ, t) = πβ(χ, t)χ
2
πc(χ, t) =
πγχ
2√
1 + χ2γ(χ, t)
so that the homogeneous solutions (mB, lB, πBm, π
B
l , α
B, βB, γB, πBβ , π
B
γ )
are now a set of constants w.r.t. χ : (1, 1, R˙, R˙, σ˙, σ3, σ2, σ˙, σσ˙)· In
terms of these new variables, the hamiltonian formulation of EYM system
Eqs.(9-17) now become for the constraints
H1 = 0 ≡ m
′
m
πmχ+
l′χ+ 2l
l
πl − 2πm − χπ′m − 4π R3 m l χ T 01 = 0
H = 0 ≡ −m
′R (l′χ+ 2l)
m2χ
− R (l
′χ+ 2l)2
4mlχ2
+
R (l′′χ2 + 4χl′ + 2l)
mχ2
− mR
χ2
+
πm
mlR
(πm − 4πl) + 8π R3 m l T 00 = 0 (31)
G3 = 0 ≡ π′βχ+ 2πβ − 2mα = 0
12
and for the Hamilton equations
m˙ = −R˙
R
m− πm − 2πl
Rl
l˙ = −2R˙
R
l + 2
πm
mR
(32)
π˙m = −R˙
R
πm − mR
2χ2
+
(l′χ+ 2l)2R
8mlχ2
− πm
2mlR
(πm − 4πl)
+4π R3 m l T 11
π˙l = −R˙
R
πl − m
′R (l′χ+ 2l)
4m2χ
+
R
4mχ2
(
4l′χ+ l′′χ2 + 2l − (l
′χ+ 2l)2
2l
)
− πm
2mlR
(πm − 4πl) + 4π R3 m l T 22
with the following definitions for the components of the stress-energy tensor
T 00 =
1
2l2 R4
(
π2β + γ
2
)
+
(
π2γχ
2 +
(
γ + χ
2
γ′
)2
+ β2χ2
)
m2 l R4 (1 + χ2γ)
+
α2
l R4 (1 + χ2γ)
(33)
T 22 =
1
2l2 R4
(
π2β + γ
2
)
T 01 =
2χ
l R4χ2 (1 + χ2γ)
(πγ
m
(
γ +
χ
2
γ′
)
− αβ
)
(T 11 is the same expression as T
0
0 except for the sign of the last two terms).
Finally, the YM equations can be written
β˙ =
2βπγχ
2
m (1 + χ2γ)
− α
′
χ
− α
χ2
+
mπβ
l χ2
+
α (2γ + χγ′)
(1 + χ2γ)
+
m
l
πβγ
γ˙ = 2
πγ
m
π˙β = −2 β
m
(34)
π˙γ =
(
π2γ − β2
)
χ2
m (1 + χ2γ)
+
mα2
(1 + χ2γ)
− m
′ (2γ + χγ′)
2m2 χ
+
2γ + 4χγ′ + γ′′χ2
2mχ2
− (2γ + χγ
′)2
4m (1 + χ2γ)
− m
l χ2
γ − m
l
γ2
α˙ = −2β + β
′χ
m2
+
m′
m3
βχ+ α
(
πm − 2πl
mlR
+
R˙
R
)
·
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In order to integrate Eqs.(32-34), we used a second order difference scheme
in both χ and t (leapfrog-like) and, for the first step only, a forward time
centered space scheme (FTCS, cf. [23]). This explicit scheme is easy to im-
plement but yields a very strong Courant condition in this case. Anyway, for
the study of gravitational instability during a few oscillations of σ in Eq.(22),
it will be sufficient.
Another crucial point is the question of boundary conditions, already men-
tionned in the previous paragraph. As we focus on shells and all our initial
perturbations have been chosen to vanish rapidly on the edges of the consid-
ered interval in χ, we impose that the boundary conditions follow the homo-
geneous evolution. For example, a field f(χ, t) ≡ fi,j will have as boundary
conditions
f1,j = f
B
1,j (35)
fNχ+1,j = f
B
Nχ+1,j
where the upper script B stands for the background solution Eqs.(18-21).
3.3 Test on the homogeneous solution
In this paragraph, we briefly discuss the precision of the algorithm presented
before. Figures 1 to 3 show the evolution of the mean quadratic error
Ef =
1
Nχ
Nχ+1∑
i=1
(
fi − fBi
)2
on the various fields used in the computation. The general divergent be-
haviour is due to the simple explicit scheme we have used. Therefore, the
scheme is unstable, partially due to the violation of the boundary conditions
that introduce truncation errors on the edges of the grid (see next section).
We found a very strong Courant condition, for example ∆χ ≈ 10−1 ; ∆t ≈
10−6 to have an acceptable precision on the time scale of an oscillation pe-
riod of the function σB (measuring the period of the gauge fields). For the
gauge variables α, β and γ, we see in Figure 1 that Eα > Eβ > Eγ , while
for the metric variables Em > El (Figure 2). For the constraints (Figure 3),
the boundary effects dominate the quadratic error on the hamiltonian and
super-momentum constraints H and H1 though the errors are much lower
away from the edges of the χ−interval (see also Figure 15). These boundary
effects are present in all the fields in the computation (see also other 3D
plots). In Figure 3 (iii), we see that the error on the gauge constraint G3 is
much lower than those of Einstein’s part.
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4 Discussion
In this section, we use the numerical results obtained from the method intro-
duced before in order to present some interesting features of the gravitational
instability of YM cosmologies. For the sake of simplicity, we used for the ini-
tial pertubations a gaussian function of the form:
ǫi(χ) = ǫi e
−
(χ−χF )
2
w
where ǫi, χF and w are parameters indicating respectively the amplitude,
position and width of the fluctuation. The last is related to the coherence
length λP of the fluctuation, the length over which the perturbation changes
significantly. The figures were computed with only one field initially per-
turbed amongst the set (a0, b0, c0, c˙0, λ˙0). Perturbing several fields will
change the amplitude of density and pressures fluctuations on the initial
space-like slice specified by the IVP and will affect the developments of the
resulting instabilities in the long term. Indeed, as we will see further, the first
stages of the evolution are characterized by a conformally-invariant regime
maintained by the too less inhomogeneous expansion. The instabilities arise
only after some time, depending on the initial conditions, when the fields
reach a sufficient amount of inhomogeneity.
Figures 5, 6, 7, 8, 11 and 15 show a typical evolution for the metric, the
gauge potentials and the YM stress-energy tensor components as well as the
corresponding values of the three constraints under an initial perturbation
of the gauge field c. It is useful to notice that only 50 iterations have been
plotted in each 3D plot.
For the gravitational sector, the perturbations of the spatial coefficients of
the metric grow up as a power of conformal time (see Figure 5). This is
typical of a radiation dominated universe and has been studied for a long
time by several authors such as Lemaˆıtre, Tolman, Lifshitz and Bonnor (for
a review, see [25]). From there, one should expect that the conformal in-
variance of YM lagrangian should result in a rather independent dynamics
of the gauge fields regards to the expansion. The last should thus dilute the
energy densities of the YM initial fluctuations. In fact, this is true when
space-time is not significantly inhomogeneous i.e. when the perturbations
of metric coefficients are negligible. In this case, the slightly inhomogeneous
expansion mimics a conformal transformation of the metric. However, when
the metric perturbations become important, we observe that the gauge fields
start diffusing and the pressures and density contrasts start growing.
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Before going further, let us examine more precisely the evolution of the gauge
potentials. One can see in Figures 6 to 8 that the gauge fields seem to roll
on the potential well V = σ4 of the homogeneous solution but this potential
is now distorded by the perturbations. For example, the electric component
a, related to the speed of the oscillation, reaches its maxima at the middle
of the phase space orbit σB = 0 (see Figure 4), while magnetic components b
and c oscillate at almost the same frequency of the background solution σB·
Let us give an idea of the distortion of the potential. Discarding the kinetic
terms into Eq.(14), this potential can be written, in terms of the variables
introduced in section 3.2:
V =
2
3

 γ2
2 l2
+
(
γ + χγ
′
2
)2
+ β2χ2
m2l (1 + χ2γ)

 · (36)
In Figure 9, we have represented the potential V associated to the results
in Figures 5, 6, 7, 8, 11 and 15. The oscillation has been unfolded along
the σ−axis and the resulting plot has been split in two for sake of readiness.
The distortion has also been scaled up to be visible (the function plotted is
σ4 + 6 × 103 (V − σ4), the other parameters are same as in Figure 4). The
potential of inhomogeneous YM cosmologies appears to be an implicit func-
tion of time.
Furthermore, the gauge fields diffuse along the χ−axis, the perturbations
spreading out with time. This diffusion is due to the increasing importance
of spatial gradients of the gauge fields and the inhomogeneity of the metric
in the YM equations. Another way to see this is to draw the evolution of
the gauge fields during half a period of σB for the same amplitude of the
initial perturbation but for different values of the background initial expan-
sion rate (parametrized here by ρB0 ). This is done in Figure 10 for an initial
perturbation in the electric component a. For small values of the expansion
rate (Figure 10 (i)), the diffusion is important but it rapidly disappears for
stronger expansion (Figure 10 (ii) and (iii)). A much clearer way to express
this is to compare the size of the fluctuations, given roughly by their coher-
ence length λP , to the Hubble length LH = 1/H = t +
√
3
κC
(c = 1). At the
beginning of the evolution (t = 0), the last is given by
L0H =
R0
R˙0
=
√
3
κρB0
·
Therefore, by varying the parameter ρB0 and keeping the same coherence
length through the same parameter w, we just modify the ratio between
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both quantities. The corresponding initial Hubble lengths have been spec-
ified in the caption of Figure 10 with a coherence length λP ≈ 1. We can
thus say that the diffusion is initially important for the short wavelengths
λP ≈ LH and, for wavelengths greater than the Hubble length, becomes im-
portant only when the spatial inhomogeneity is strong enough, as in Figures
5, 6, 7, 8 and 11.
The observable quantities are represented in Figure 11 under the form of
the density contrast:
T 00
ρB
− 1
and similar relations for the radial (T 11 ) and tangential (T
2
2 ) pressures con-
trasts. It should also be noted that, according to the conformal invariance
of YM fields, the scalar curvature R vanishes exactly and therefore the com-
ponents of the stress-energy tensor are directly proportional to those of the
Ricci tensor through Einstein equations and we have therefore a direct infor-
mation on the spatial inhomogeneities.
These contrasts oscillates in general, reflecting the underlying oscillations of
gauge potentials, even though the amplitude of the oscillation is damped
in the first stages of the evolution and then grow after some time, with a
different regime for density and pressures contrasts. For example, in the
case illustrated in Figure 11, the density constrast first decays, then enter a
growing regime while the amplitude of the (radial and tangential) pressures
contrasts slowly decreases.
According to the radiation nature of YM, one should have expected that
the evolution of the density contrast would have been a superposition of a
growing mode in squared power of the conformal time6 and a decaying one in
inverse squared power of conformal time. This is well-known from a simple
first order perturbation computation (see [25]). In fact, when the perturba-
tions of the geometry are small and their gradients negligible, the expansion
can be considered as roughly homogeneous and it dilutes the energy of the
conformally invariant YM fields. This case is a pretty good approximation
of the early universe and is represented in Figure 12: the amplitudes of the
density and pressures contrasts decay with conformal time while the gauge
potentials still oscillate in their distorded interaction potential, insensitive
to an expansion that is too close to a conformal transformation. The grow-
ing modes of the linear theory simply do not appear immediately due the
scale invariance of YM fields. This means also that the YM cosmology can
6The density contrast is proportional to the world time in the synchronous gaugeN = 1.
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be much more inhomogeneous than it looks at the level of the observable
quantities as the non observable ones (the metric components and the gauge
potentials) do not decay in general, as we have seen before.
By the way, when space inhomogeneity is too strong, growing modes for
the contrasts and the perturbations of the gauge potentials (see Figure 13
for illustration) appear, along with the diffusion already mentionned above.
In fact, the details of this regime seem to be quite complex as it strongly de-
pends on the interactions between the gauge components and on the field(s)
initially perturbed. More work is under way to explore that regime and to
characterize it in terms of the two dimensional abelian Higgs model of the
theory.
To summarize the evolution of Figures 5, 6, 7, 8, 11, if one starts with
some fluctuations in a universe dominated by YM fields, the density and
pressures contrasts will enter an oscillating regime, firstly damped by the
quasi-homogeneous expansion. Then, when the expansion becomes signif-
icantly inhomogeneous, the constrasts grow, at a time depending on the
nature, the size and the amplitude of the initial perturbation. The transition
to growing modes (and diffusion) seems indeed to occur when the perturba-
tion of the metric coefficients δm = (m − 1)R or δl = (l − 1)R2χ2 reach the
order of magnitude of the scale factor (here a few percents, see Figure 5).
Therefore, the transition to a non conformal expansion regime is to be linked
directly with the emergence of the instabilities.
If the existence of growing modes is due here to the fact that the inho-
mogeneous expansion looks no longer like a conformal transformation of the
metric and therefore yields to non trivial interactions with the inhomoge-
neous gravitational field, it would be interesting to see what happens to the
growing modes with other gauges than the conformal one (N = R(t)) used
here, for example, in the case of maximal slicing (cf. [21] and references
therein). Indeed, this will lead to the study of a true gravitational collapse
of YM fields instead of a shiny gravitational instability.
Now, let us be more precise about how the parameters of the simulation
affect the evolution of the observable quantities. A run is specified by the
following parameters: ρB0 , the initial background density ; w, related to the
coherence length λP of the fluctuations ; ǫ, the relative amplitude of the
perturbation ; σ0, the initial position of the Gal’tsov-Volkov particle in the
interaction potential, and the nature of the perturbation (what fields were
initially perturbed). The first two define the ratio between the coherence
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and Hubble lengths λP
LH
. Here, we mostly focus on perturbations larger than
the Hubble length: in Figure 11, λP ≫ LH (λP ≈ 3, L0H ≈ 0.09); in Figure
12, λP >>> LH (λP ≈ 2, L0H ≈ 0.009) and finally in Figure 13, λP > LH
(λP ≈ 2, L0H ≈ 0.3). In the first case, we see that the density contrast has
grown after half a period of σ ; in the second case and for the same period, we
do not see yet any instability arising and finally, in Figure 13, the contrasts
have grown quite significantly during half a period of σ. A more complete
analysis shows that, all other parameters being equal, the large fluctuations
λP ≫ L0H evolves more slowly than the small λP ≈ L0H . This can be intu-
itively deduced from the previous comments on Figures 11-13 and is clearer
by examining Figure 14 where the evolutions of contrasts for two different
coherence lengths are represented, all other parameters being equal. The evo-
lution of the contrasts is qualitatively the same, although it is slower for large
fluctuations (Figure 14 (iv), (v), (vi)). Please note the different duration and
amplitudes of the two simulations. Therefore, the details of the evolution,
e.g. the growing time, the period and/or the amplitudes of the contrasts,
depend on the coherence length, the absolute amplitude of the perturbations
(defined by
f0−fB0
fB0
for a certain field f) which is related to ǫ and σ0, and the
nature of the perturbation. However, the scheme damped-then-growing oscil-
lations seems to be general. We even performed some computations at short
wavelengths λP ≪ LH but we did not recover the usual Jeans criterion for
radiation (cf. [25]). We think that this criterion could be modified somehow
due the locally anisotropic nature of YM pressures7 (cf. [26] and references
therein for some properties of locally anisotropic fluids). More work is under
way to fix that point.
In Figure 11 (iv), we see that the non-diagonal component of the stress-
energy tensor T 10 becomes more and more homogeneous with expansion. This
was observed in all simulations and can be deduced from Eqs.(17 - 33) where
one can see that this quantity evolves as the inverse fourth power of the scale
factor R(t).
For hyperbolic and closed cosmologies, we have performed some computa-
tions that lead essentially to analogous features as those presented here in
the flat case, for fluctuations of the order of the Hubble length.
Finally, let us check out the violation of the three constraints H, H1 and
7Locally anisotropic fluids are characterized by T 2
2
= T 3
3
6= T 1
1
in spherical symmetry
and therefore have an equation of state different in the inhomogeneous case than the simple
barotropic equation p = Kρ with constant K.
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G3 (see Figure 15). The central bump in each constraint is related to the
truncation errors when evaluating the spatial gradients, this can be improved
by increasing the number of discretization points in the variable χ. The in-
teresting information is the time-evolution of the constraints: we see that the
violation increases almost linearly during the computation and accelerates at
the end. This is typical of the very simple explicit scheme we used here.
However, it is important to note that the constraints remain several orders
of magnitude below the perturbations of the related fields thanks to the very
strong Courant condition we used. Another crucial point is the boundary
effect as the careful reader will have already noticed from previous graphs.
This can partly be improved by refining the accuracy of the IVP and partly
by using more localized fluctuations. Some compactification of the χ domain
could help in verifying more exactly the boundary conditions. In order to
produce a more accurate method, one should also focus on improving the sta-
bility by including implicit features in the scheme as well as a better control
of boundary conditions.
5 Conclusion
By using a numerical method based on the hamiltonian formulation of the
EYM system with SU(2) gauge group, we have checked that the primeval
excitations of YM fields have been diluted by strong expansion in the very
early universe, due to the scale invariance of YM equations. The gauge fields
oscillate in a distorded potential well inherited from the homogeneous solu-
tion while the metric suffers an ever increasing departure from homogeneity.
Meanwhile, the corresponding density and pressures contrasts undergo firstly
damped oscillations.
However, the YM fields are gravitationally unstable in the long term. In-
deed, the metric perturbations grow monotonically with time and, when the
inhomogeneity of the metric and the gauge potentials cannot be neglected
anymore, the last start diffusing non-linearly. This yields growing oscilla-
tion modes for the density and pressures contrasts, with a transition from
damping depending on the interactions between the perturbed gauge fields,
the nature, size and amplitude of the primeval fluctuations. For example,
the larger the fluctuation w.r.t. the Hubble length, the slower it will grow.
A fruitful comparison can be made with the gravitational instability of the
inflaton which lead us to the preliminary conclusion that the growth rate of
the YM fluctuations should depend also on the strength of the gauge cou-
pling constant and should be more important for strong interaction.
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Nevertheless, in the real universe, we can conjecture that the phase tran-
sitions that made YM fields short-ranged occur probably long before their
inhomogeneities reach a sufficient size. Therefore such fields could be of mi-
nor importance for cosmology. There are, however, two main objections to
that affirmation. First, a more physical and quantitative analysis, including
precise considerations about the amplitude and size of the primeval excita-
tions of the gauge fields, other components of matter, precise cosmological
parameters as well as quantum considerations on the status of the gauge
fields after the phase transitions should be performed before concluding. In
second, considering a Born-Infeld type modification of the YM lagrangian,
deriving from string theory, which breaks the conformal invariance can be of
interest. In particular, an interesting work would be to study the gravita-
tional instability of non-abelian Born-Infeld cosmology which was examined
in details in [11].
Furthermore, another interesting point for cosmology is that the conformally
invariant YM fields can hide for a while the deep inhomogeneity of space-time.
Indeed, in a universe dominated by such fields, the observable quantities tend
first to mimic a homogeneous universe while the metric is getting more and
more inhomogeneous and the perturbations of the gauge fields oscillate. The
question is to know which role such inhomogeneities could have played after
the phase transitions that left the YM fields short-ranged as other types of
matter fields feel differently the riddles of space-time hidden during the gauge
dominating era than the conformally invariant gauge fields did.
For all these reasons, we think that our results are of interest at least for
the investigation of mathematical properties of the pure EYM theory, if not
for a tiny step in the understanding of the very early universe .
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Figure 1: Mean quadratic errors on the homogeneous solution for the gauge variables. (i) Eα (ii) Eβ
(iii) Eγ (ρB0 = 15, σ0 = 0, ∆χ = 7× 10
−2, ∆t = 10−7).
Figure 2: Mean quadratic errors on the homogeneous solution for the metric variables. (i) Em (ii) El
(same parameters as in Figure 1).
Figure 3: Mean quadratic errors on the homogeneous solution for the constraints. (i) EH (ii) EH1
(iii) EG3 (same parameters as in Figure 1).
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Figure 4: Homogeneous solutions (i) R(t) (ii) σ(t) (ρB0 = 15, ǫc = 10−4, σ0 = 0, w = 0.5, L0H ≈ 0.09,
∆χ = 9.3× 10−2, ∆t = 10−7).
Figure 5: Perturbations of the metric coefficients. (i) (m− 1) R(t) (ii) (l− 1) R2χ2 (same parameters
as in Figure 4)
Figure 6: Perturbation of the first gauge variable and the electric gauge potential. (i) (α − σ˙) (ii)
(a − abkg) (same parameters as in Figure 4).
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Figure 7: Perturbation of the second gauge variable and the first magnetic gauge potential. (i)(
β − σ3
)
(ii) (b− bbkg) (same parameters as in Figure 4).
Figure 8: Perturbation of the third gauge variable and the second magnetic gauge potential. (i)(
γ − σ2
)
(ii) (c− cbkg) (same parameters as in Figure 4).
Figure 9: Unfolded and rescaled shape of the potential V as a function of σ(t) and χ (see comments
in the text).
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Figure 10: Perturbations of the electric a (above) and magnetic b (middle) and c (below) potentials
for different values of the initial expansion rate. (i) left: ρB0 = 0.15 (L
0
H
≈ 0.9) (ii) center: ρB0 = 1.5
(L0H ≈ 0.3) (iii) right: ρ
B
0 = 15 (L
0
H ≈ 0.09) (ǫa = 10
−3, w = 0.1, σ0 = 0).
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Figure 11: Density and pressures contrasts with non-diagonal component of the stress-energy tensor.
(i)
T0
0
ρB
− 1 (ii) −
3T1
1
ρB
− 1 (iii) −
3T2
2
ρB
− 1 (iv) T 10 (same parameters as in Figure 4).
Figure 12: Example of decaying modes (early stages of the evolution). (i) (a − aB) (ii) (b− bB) (iii)
(c − cB) (iv)
(
T0
0
ρB
− 1
)
(v)
(
−
3T1
1
ρB
− 1
)
(vi)
(
−
3T2
2
ρB
− 1
)
(ρB0 = 1.5 × 10
3, L0H ≈ 0.009, ǫb = 10
−3,
w = 0.25, σ0 = 0, ∆χ = 0.15, ∆t = 10−6).
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Figure 13: Example of growing modes (long time scale). (i) (a − aB) (ii) (b − bB) (iii) (c − cB)
(iv)
(
T0
0
ρB
− 1
)
(v)
(
−
3T1
1
ρB
− 1
)
(vi)
(
−
3T2
2
ρB
− 1
)
(ρB0 = 1.5, L
0
H ≈ 0.3, ǫc˙ = 10
−1, w = 0.3, σ0 = 0,
∆χ = 7× 10−2, ∆t = 10−7)
Figure 14: Evolution of fluctuations for two different coherent lengths: λP ≈ 6 (i, ii, iii) and λp ≈ 20
(iv, v, vi). (i), (iv)
(
T0
0
ρB
− 1
)
; (ii), (v)
(
−
3T1
1
ρB
− 1
)
; (iii), (vi)
(
−3T2
2
ρB
− 1
)
(ρB0 = 1.5, L
0
H
≈ 0.3,
ǫc = 10−3, σ0 = 0.1)
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Figure 15: Evolution of the constraints. (i) H (ii) H1 (iii) G3 (same parameters as in Figure 4)
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